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Content

» Problem: communication link in feedback
loop (multiplicative gain uncertainties)

» Solution: add a new signal -- scaled dither

» Applications: small grid, vehicle platoons,
etc.
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Communication Link

Control feedback over a communication link



Problem

=x, +7,(Ax, + Bu, )
Ve =Cx,

U, = =g, Vi
A-gBC <0



Solution

Scaled Dither

| |

Communication Link

Control over a communication link with a scaled dither



Scaled Dither

z, =y, +a(t,y)d,
4
a(t,,y,)=—F=Yy
ko Vi \/Z k

u, =—=g(y, + Lkak) = -g(Cx, + chkdk)

Xpo =%, +7,(A-gBC)x, + \/ggychkdk

k
U 7, 20,7, = 0(k > ),1, = ¥ 7, =0, (k =)
J=1

dx =(A- gBC)xdt + gy BCxdw



SDE

dx = Mxdt + G, xdw, + G,dw,

U G,=0
dx = Mxdt + G, xdw,

one-dimensional Brownian motion
U scalar case

1
(m——gi t+gw

x(t)=e *? x(0)



SDE

By the strong law of large numbers, w(®)/t—>0 w.p.1.

. log x(¢ 1
—> limsup 5 ()=m——g12
T A 2
SDE is stable if LI O
m — 5 E1 = Scalar Case
M =M _lGlGl' Hurwitz, Vector Case
‘ 2

&= Ax+Bu, u=-gy=-gCx

M =A4-gBC
\U' {GﬁgyBC
=A- gBC—%gzyzBCC'B'



Scaled Dither

1

M (g,) = a-g,bc- Egé y’b’c”

M (g)= ey
c(g)—a—g—zgy

U A —1++/1+2ay’ A —1—+/1+2ay’
LA L A R L
/4 /4

Theorem 1 (1) If a<o , then if ,.1/2/q,
the closed-loop system is stable for all <

(2) If ,., , then for any given , , the

closed-loop system is stable for all
gEQ =(-2,4)N(4,,%)



Explicit Bounds on Relative Gain Robustness

Q={g=1+0:d|=d,|[1+5|= u>0}
Theorem 3 Suppose that the nominal
20
system a (y=a-1<0 f ?>\/;
the closed-loop system is robustly stable

for all see
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Explicit Bounds on Relative Gain Robustness

Impact on Gain Robustness with varing vy
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Figure 5: Robustness enhencement with varing ~
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Explicit Bounds on Relative Gain Robustness
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Figure 6: Norminal Stability with varing v and ¢
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Explicit Bounds on Relative Gain Robustness

Pure Dither

Theorem 6 Under the same assumption as

. yX
in Theorem3 % =& —\/;k di.g=gbc  and
k

V2] a
y 2/
The system is robustly stable forall o & Q2

Yy =
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Second Order System

r 0 1 0
1) = Ax(t) + Bu(t) = Xx+| |u
3 a, d, |
(1) =Cx(@) =[c ¢, Jx
[
U u=1[y deterministic framework
1 a,=0,a,=0,c,=l,c, =-1
&t) - A No Ztunable

a, —lc, a,-lc,
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Second Order System
Dither

u, =-ly, -ryd,

0 |
A =A-IBC- ! v’BC(BC)' = . y?
2 a, -lc, az—lc2—?(cl2+c§)

2

a,-lc, <0, a,-lc, —%(cf +¢7)<0

always be stable if ¢, =0
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General Case

0 1 0 0
A= 0 0 1/|,B=|1],C=[1152] y =20
05 -2 -5 -1

Impact of the Added Dither on Gain Robustness

3 T
! I I l 0 dither

+m 1m 1 with dither

25

maximum real parts of the closed-loop poles
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Figure 7: Robustness again gain uncertainties
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General Case

0 1 0 0]
O o 0 1 0 M? has eigenvalues —1,-1,—1,-1
M, =A4A-gBC=
O o0 o0 1
_1 -4 -6 -4
0 1 O 0 ]
M'=M?-0.57*(Bc)(BC) == o0 o
c e 0 0 0 1 y =10 Not stable
1 -4 -6 -54
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Applications

Consensus Control

P, O— Yo —OP,

Ly «—l | L g =1{(1,2),(2,1),(2,3),(3,2),(3,4),(4,3),(4,5),(5,4)} .
| xn =[x:l,...,x}:]'=[P1’P2,P3’P4’P5]r
Ps Xes P Xea
X, =X, +U, x, =[0.1,0.2,0.3,0.4,0]

~ij J ij
T x7 =x'+d
L4gp4 L1gp1 " " "

Al2 A2l A23 A32 A34 43 45 AS4e
'%(FHlxn+dn=[x :x 9x 7x 7x 7x 7x 9x ]

Figure 8: A grid of five buses
5;1 = Han _'%)= H2xn _Hl'xn _dn = Hxn _d

nd

u =-uHGO =-u HG(Hx -d )=-u (HGHx -HGd )= u (Mx +Wd )

xn+1 = xn + lunMxn + /uann




Consensus Control without Gain Uncertainties

01 0 0 0] [1 0 0 0 0] 1 -1 0 0 0]
1 0 00O 01 000 -1 1. 0 0 O
0 01 0O 01 0 00 0 1 -1 0 O
H1=O 1 00 0; H2=0 010 0. H =H,-H = 0O -1 1 0 O
0 00 1O 0 01 00 0 0 1 -1 0
0 01 0O 0 00 10 0 0 -1 1 0
0 0 0 01 0 0010 0 0 0 1 -1
0 00 10 0 00 01 0 0 0 -1 1

G = diag[0.3,0.3,0.5,0.7,0.9,0.9,1,1]

0.6 06 0 0 0 703 =03 0 0 0 0 0 0]
0.6 -18 12 0 0 03 03 05 -07 0 0 0 0
M=-HGH=| 0 12 -3 18 0 W=HG=|0 0 -05 07 09 09 0 0
0 0 18 -38 2 0 0 0 0 -09 09 1 -l
0 0 2 -2 0 0 0 0 0 0 -1 1]

eig(M) =-6.0125,-3.2432,-1.5016,-0.4426,0



Consensus Control without Gain Uncertainties

Power Distribution Trajectoies
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Figure 9: Power flow control under positive link gains
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Consensus Control with Gain Uncertainties

Power Distribution Trajectoies

G = diag[0.3,0.3,0.5,-0.7,-0.9,0.9,1,1]
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Figure 10: Power flow control under perturbed link gains
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Consensus Control with Scaled Dither

Ty
Assumption: (1) All link gains are non-zero
g; #0. (2) The network topology g

dx = Mxdt + G xdw, + Wdw, contains a full tree.
Theorem 15 Q is negative semi-definite

M =-HGH,W =H'G,G. = yH'GH, and has rank r—1. Hence, the eigenvalues
of Q are all negative, except one which is
0.

2
0-M-16G, --HG6H - HGH H,GH
2 2



Power Distribution Trajectoies

States

Consensus Error Trajectories
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Figure 11: Power flow control under perturbed link gains but with a scaled dither
added to each observation link
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Consensus Control with Scaled Dither

0

-2.025

5.265

-10.19 6.95

6.95

0
0
4.05

~11|

eig(Q) =-19.3659, -17.1275, -2.0336, -1.1931, 0
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(1). Contributions

(2). Future Works
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